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Abstract

In this paper, Lie point symmetries and conservation laws for a two-dimensional gen-
eralized Grad-Shafranov equation (GGSE) governs an incompressible magnetohydrody-
namic (MHD) flow are formulated. Lagrangians of the first and second order are derived.
Several exact solutions to the latter equation are obtained. A construction for obtaining

the solutions of the whole MHD system of incompressible flows is presented.
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1 Introduction

Study of Lie point symmetry is very important in the area of nonlinear partial differential
equations (NPDESs), especially in integrable systems for the existence of infinitely many
symmetries. To find the Lie point symmetry of a NPDE, a lot of powerful Lie group
methods have been studied [1,2].

An important inclusion of symmetry in physics and mathematics is the existence of
conservation laws. The concept of conservation law states that a certain measurable
property of an isolated physical system does not change as the system evolves over time.
It provides one of the basic principles in formulating and investigating models. The
application of the conservation laws allows us to reach certain conclusions about the
state of an object without the need for the details of all of the forces acting on it in a
given situation throughout its motion. For example, sometimes, the existence of a large
number of conservation laws of a given NPDE is a strong indication to its integrability
[1,3].

An important theorem in mathematical physics known as Noether’s theorem pro-
vides a systematic way of determining conservation laws for Lagrangians. For an Euler-
Lagrange equation which arises out of a variational principle, this theorem constructed
a one-to-one correspondence between a generalized variational symmetry of some func-
tionals and a conservation law. Various generalizations of Noether’s theorem were made
by many researchers [1,3-9] to construct conservation laws. Ibragimov [1] proved that
any Lie point, Lie-Béacklund, and nonlocal symmetry of any system of differential equa-
tions provides a conservation law, provided that the number of equations is equal to
the number of dependent variables. Ibragimov [1,3] introduced concepts of self-adjoint
and quasi self-adjoint, where a general theorem on conservation laws was proved. The
generalization of the concept of self-adjoint and quasi self-adjoint was introduced in [10].
It was found that a class of weak self-adjoint quasi-linear parabolic equations. The

property of a differential equation to be weak self-adjoint is important for constructing



conservation laws associated with symmetries of the differential equation. The general
concept of nonlinear self-adjointness of differential equations was introduced by Ibragi-
mov [8]. Many works have been carried out to obtain conditions for self-adjointness and
conservation laws for nonlinear PDEs [11-17]. Self-adjointness, conservation laws and
exact solutions for many types of PDEs were carried out by many authors [18-27]. A
variational principle and conservation laws for coupled nonlinear schrodinger equations
with variable coefficients and high nonlinearity were performed in [28].

In this paper, we formulate the Lagrangians and Lie point symmetries for a gener-
alized Grad-Shafranov equation (GGSE) that governs the steady state ideal MHD with
incompressible flows. The paper is organized as follows: In section 2, we present a for-
mulation of the GGSE for the steady state ideal MHD flows. In section 3, we discuss the
self-adjointness for the GGSE formulated in section 2. In sections 4 and 5, we formulate
Lagrangians, Lie point symmetries and conservation laws for the same GGSE, and in
sections 6 we obtain exact solutions for it. Finally, we summarize the results in section

7.

2 Formulation of a GGSE

The steady state ideal MHD flows are governed by the following set of equations, written

in standard notations and convenient units [29-31]:

p(v-V)v=-VP+JAB, (1)
V.v=0, 2)

VAE =0, (3)
V-B=0, (4)
J=VAB (5)
E-+vAB=0, (6)



where p, v, E,J, B and P stand as usual for the mass density, fluid velocity, electric field,
electric current density, magnetic field and gas pressure, respectively.
For translational symmetric plasma with steady incompressible flow, the fields B, v and

E are expressed in terms scalar functions ¢ (z,y), x(z,y) and ®(z,y) as:
1
B=B.e,+e, AVY, v=u.e,+-e, ANVy, E=-VO, (7)
p

where the quantities B, and v, are the z-component for both of the magnetic field
velocity field, respectively.
Ohm’s law (6) is projected along the z-direction and yielding:

X = x(1), ® = &) (8)

The component of Eq. (6) perpendicular to a magnetic surface and the component of

the momentum conservation Eq. (1) along z-direction yielding respectively:
(B.X")/p—v, =®" and B, — x'v, = A(¢), (9)

where A is a surface quantity. The dash denotes differentiation with respect to .
From the incompressibility condition Eq. (2), the quantities B,, v, and p are surface
quantities, i.e, B, = B,(¢), v, = v,(¥) and p = p(¢))

Using the surface quantities B,(v), v.(¢) and p(¢), the component of Eq. (1) along B

yields the following expression for the pressure:

P = Py(¥) = px*|VYI*/2, (10)

where P,(1)) is the static pressure.
With aid of Egs. (7)-(10), the component of Eq. (1) perpendicular to a magnetic surface
yields the following GGSE:

Xl2 ) 1 X/Q / 9 Bs /_

Eq. (11) is a second order nonlinear NPDE for the poloidal magnetic flux function [3-5,
31].



From the analysis above we have seven surface quantities x(¢), ®(v), B.(¢), v.(¢),
p(¥), Ps(v) and A(v)) five out of them are arbitrary.

Under the transformation:

du X/Q
— =y /1= 2 12
Eq. (11) changes to
viut+ L (P4 B2 o (13)
du\"°" 2 )

Therefore, Eq. (13) can be expressed mathematically as Vu = f(u).

3 Lagrangian and self-adjointness

For convenience we recall the following definitions [1,3,8,23]. Consider a nonlinear dif-
ferential equation

F(,u,uay, ug), ..., ug)) = 0, (14)

with n independent variables x = (z',...,2") and dependent variable u, where U1y = U,

U(2) = Ujj, ... denote the sets of the partial derivatives of the first, second, etc. orders,

__ Ou _ 0%
Wi = g7 Wij = Bgigr -

Definition 1. The formal Lagrangian for Eq. (14) is defined by

L = UBF5<I,U,U(1),U(2),"' , U(s)) (15)
B=1

Definition 2. The adjoint equation to Eq. (14) is defined by

F*(x,u,v,u(l),v(l),--- 7U(5),U(5)> 207 (16)
with

. (v F)

F (JI,U,U,U(l),U(l),”- ,u(s),v(s)) = S . (17)
u
Definition 3. The Euler-Lagrange operator and equation are defined by
o 0 0 0
—=———-Di—+DDj—+ -+, 18
ou  Ou ou; + J@uij + (18)



SF _OF _ OF OF

— =— —Dj— +D;D;— + ... =0, 19
ou  Ou Ou; + O + (19)
where
D; = +u-—+u--i—|—u~ i—l— (20)
Ot "Ou Y Ou, ”k@ujk ’

denotes the total differentiation.

Definition 4. A NPDE (14) is said to be strictly self-adjoint if its adjoint equation
becomes equivalent to the original equation after the substitution v = u.

Definition 5. The concept of quasi-self-adjoint generalizes definition 4 by replacing the
substitution in this definition by v = ¢(u), ¢(u) # 0

Definition 6. A NPDE (14) is said to be nonlinearly self-adjoint if its adjoint equation
becomes equivalent to the original equation after the substitution v = ¢, where ¢ # 0 is
a nonzero function depending on the independent variables, the dependent variable as
well as the partial derivatives of the dependent variable.

In agreement with [2] the formal Lagrangian for the GGSE equation
F =y +uy, — f(u) =0, (21)

is defined by
L =vlug +uyy — f(u)], (22)

where v is new a dependent variable. Consequently, the adjoint equation to Eq. (21)

has the form

oL
Fr=—=0. 2
50 (23)
where ‘;—5 is the variational derivative of the second order Lagrangian in Eq. (22):
oL 0L n 0% ([ OL n 0% ( OL (24)
Su  Ou 012 \ Oy, Oy? \Ouy, )

Taking into account the formal Lagrangian (22), the expanded form of the adjoint Eq.
(23) to Eq. (21) reads
F* = —vf' + vgp + vy, = 0. (25)



In what follows we discuss the adjointness of Eq. (21).

F*|v=¢>(1‘,y7U) =K [um + Uy — f(u)] ) (26)

where p is a regular undetermined coefficient.

p=d(x,y,u), ¢(x,y,u) # 0. (27)

Using the differential consequences:

Uy = ¢x + Qbuux? Uy = (by + ¢uuy7 (28>
Vyy = (byy + 2¢yuuy + ¢uuu§ + ¢uuyya (30)

where subscripts denote partial derivatives, condition (26) is written as:

(31)
The previous condition splits into the following system
j= du, (32a)
20 = 0, (32b)
Guu = 0, (32¢)
20y, =0, (32d)
_¢f/(u) + Qoo + ¢yy + Mf(u) = 0. (326)
From Egs. (32b,c,d), we get
From Eq. (32¢), we get
haw + hyy + c1f(u) — (cru+ h) f'(u) = 0. (34)



We try to find the function h(z,y) taking into account Eq. (34). Consider the following
cases:

Case 1: If h =0,

the GGSE (Eq. (21)) is self-adjoint for f(u) = au but it is quasi-self-adjoint for
c; # 1 with f(u) = au.

Case 2: If h = ¢y # 0, Eq. (34) changes to

crf(u) — (cru+ co) f'(u) = 0. (35)
Integration of this equation yields

fu) = blu+ 2, (36)

C1

where b is an integration constant.
From Eq. (33) we deduce that the GGSE (Eq. (21)) is quasi-self-adjoint provided the
function f(u) be linear function of w.

Case 3: If h(z,y) is any solution for Laplace’s equation, Eq. (21) is nonlinear self-
adjoint with f(u) =0
Case 4: If h(x,y) is any solution for Poisson’s equation, Eq. (21) is nonlinear self-

)

adjoint with f(u) = const.

4 Lagrangian for self-adjoint, quasi-self-adjoint and nonlinear
self-adjoint

From the above analysis we find that when the function f(u) is proportional to u; the
GGSE Eq. (21) can be sef-adjoint or quasi-self-adjoint. And when it is a linear function
of u; the GGSE Eq. (21) is nonlinear sef-adjoint. That is

B : b =0, a arbitrary for self-adjoint and quasi-self-adjoint;
f(u) = au+b with { a =0, barbitrary for nonlinear self-adjoint. (37)
(A) For self-adjoint and quasi-self-adjoint GGSE
Using Eq. (37), Eq. (21) becomes
Uz + Uyy — au = 0, (38)
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with the adjoint equation

Vg + Vyy —av = 0.

The first order Lagrangian can be obtained as

Proof:

L(u) = —% (u2 +ul + au®) .

Using Eq. (18), we have

Su  Ou Oz
_|9_9(9)\_9
|ou Oz \ Ou, oy

= Ugg + Uy — au = Eq. (38).

5L 0L 3(%)_3(%

The second order Lagrangian is

Proof:

L(u,v) = v(Ugy + Uy, — au).

Using Eq. (18), we have

and

0

5_L B £+ 0? 0 N 0?
du  |Ou  Ox2 \ Ouyy 0y?

0? 0?
:—CLU—F@(’U)—Fa—yz(U)

= Uy + Uy — av = Eq. (39),

SL_oL, o (0L, &
v Ov 02 \ Qvg, 0y?

(

Oy,

0

B ﬁ N 0? 0 N 0?
v 922 \ Oug, 0y?

= Uyy + Uy — au = Eq. (38).

(

Ovyy

)} [0(Use + Uyy — au)]

OL
vy,

)] [0(Uaz + Uy — au)]

(39)

(40)

(41)

(42)



(B) For nonlinear self-adjoint

Using Eq. (37), Eq. (21) becomes

Ugy + uyy -

with the adjoint equation

b

=0,

Uz + Uyy = 0.

The first order Lagrangian is

Proof:

Using Eq. (18)

5L

s =

0 _90(9N_9(0
Ou Oz \ Ou, Oy \ Ouy
10 10
= 0o 7 " ag,

= Uy + Uy, — b= Eq. (44).

The second order Lagrangian is

Proof:

0

(—2uy)

H (w2 +12) — bu

L(u,v) = v[tgy + tyy — b].

Using Eq. (18), we have

and

L _
ou

o0 a2

oL 0?7 oL (9_2
Oy 0y?

9P (o), P>
ou  0x2 \ Ouyy 0y?

= VUyy + vy, = Eq. (45),

oL
o

oL
Oy,

(

0

Oy

oL  O? ( oL ) 0?

o * 0x2 \ 0vyy 0y?

oL
Ovyy

0

2 N 0? 0 N 0?
v 022 \ vy, 0y?

= Uyy + Uyy — b= Eq. (44).

10

(

Ovyy

)] [V (U + Uy — D))

)] e+ =00

(48)

(49)

(50)



5 Symmetries and conservation laws

A Lie-point symmetry of a PDE is an invertible transformation that leaves the equation
unchanged [26,28]. The symmetry group of the GGSE will be generated by the vector
field:

0 0 0
— ¢l — 2 _ -
X =& (g u)g+E(2,y,u) a5+ (@, y,u)z -, (52)
that is an infinitesimal generator with the prolongation operator:
. 0 0
X=X+ Cll@um + Qo2 u, (53)
where
(77) — Uy x( ) - uyDz<€2)a (543)
Dy(1) = uzDy(€") — uyD,(€?), (54b)
Gt = Da(G1) = UaaDa(€) — tay Di(€7), (54c)
Con = Dy(Ga) — uya Dy (€1) — unyy(52)' (54d)

When we apply the operator (53) to Eq. (21), the invariant condition is
X" (Ugy + tuyy — f(u)) =0. (55)

Using Eqs. (52)-(56) into Eq. (55) and equating the coefficients of partial derivatives to
zero, we obtain a system of PDEs. After simple manipulations to that system we obtain
a class of symmetries as: ' =, €2 = 8, n = 0 and f is arbitrary function of u. The

combined system (14) and (17) admit the conservation law D;(C?) = 0 [24], where

cer w2 o, (%), ()]

ou; Ou;j Ou;jk
oL oL 0L
+ D;(W) [(%ij — Dy, (amjk> + - } + D; Dy (W) {anjk — .- } +---, (56)
with
W =n— &u,. (57)
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For the considered case, we have

oL oL OL oL oL
1 _ 1 _ _ -
C =L+ W (a% D, u Dyauw) + D, W (8um> +D,W (6%) , (58)

and
oL oL oL oL oL
=L+ W (auy Dr—auxy — Dy—auyy) + D, W <8u$y) + D,W (auyy) . (59)

We apply Eqgs. (58) and (59) to the above class of symmetries.

5.1 Conservation laws for self-adjoint and quasi-self-adjoint GGSE

1) First order Lagrangian:

Using Eqs. (58) and (59), we get

Ch = —% (w2 +ul + au®) — (qug + Buy) (—ug) — (QVUgs + Bugy) (0) 60n)
a
- % (u2 — u? — au®) + Buyu,
3
C? = -3 (w2 + ul + au®) — (qug + Buy) (—uy) — (ugy + Buy,) (0)
5 (60b)
5 (ui - ui - auz) + QU Uy.
Proof:
D;(C") = D,(C") + D,(C?)
= —% (—2Up Uy + 2Uylyy + 20Uty ) + B (Uggtly + Upliyy)
— g (—2ugtgy — 2uytyy + 2auny) + o (Upyy + Ugyty) (61)
= (auy + Puy) (Ugy + Uy — au)
=0.
2) Second order Lagrangian:
Using Egs. (58) and (59), we get
C' = v (Ugy + Uyy — au) — (g + Buy) (—vs) — (QUgy + Bligy) v (622)
62a
= av (uyy — au) + vy (g + fuy) — Botg,
B (Ugz + uyy — au) — (oug + Buy) (—vy) — (atay + Puyy) v (62D)
= B (Uge — au) + vy (Quy + Buy) — VU,

12



Proof:
D;(C") = D,(C") + D,(C?)
o
=3 (—2Up Uy + 2UyUyy + 2auty) + B [Ugptly + Uzlsy)

-3 (—2ugUgy — 2uytyy + 2auny) + o (Uglyy + Ugyty)

= (auy + Buy) (Ugy + Uy — au)

=0.
5.2 Conservation laws for nonlinear self-adjoint GGSE
1) First order Lagrangian:
ct=-2 (u2 +u) — abu — (au, + Buy) (—uy)

2
= % (u2 — “3) — abu + Pugu,

o2 — _g (ui + ui) — Bbu — (auy, + Buy) (—uy)
= g (uz —u?) — Bbu+ qugu,.
Proof:
D;(C") = D,(C") + D,(C?
- % (2uplUyy — 2Uylyy) — abuy + B (Upliyy + Ugytly)
+ g (2uyuyy — 2uztyy) — Bbuy + o (Ugptyy + ugyuy)
= (ou, + Buy) (g + Ugyy — b)
=0.

2) Second order lagrangian:

C' = av (Ugy + Uy — b) — (g + Buy) (—v,) — (QUgy + Bug,) v

U (Uyy — b) 4+ vy (g + Buy) — Boug,

) —
av ( (au
B (Ugg + tyy — b) — (ozuz + Buy) (—vy) — (QUgy + Buyy) v
Bu ( (

U (Ugy — b) + vy (Quy + Suy) — aviy,.

13
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(64a)

(64b)

(65)

(66a)
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Di(C") = D,(C") + D,(C?)
= a [Vlgyy + Vg (Uyy — b)] + gy (Quy + Buy) + v, (g, + Bug,)
— B (Vlay + Valiay) + B [Viaay + vy (tge — )] + vy (atig + Buy) o
+ vy (QUgy + Buyy) — o (Vigyy + Vytyy) (o7
= (v, + Buy) (Uge + Uyy — b) + (g + Buy) (Ve + Vyy)
= 0.

6 Exact solutions

Using the class of symmetries introduced in section 5, the characteristic equation for Eq.

(55) can be determined as:

de dy du

e 68
o "B (68)

The general solution of this equation is
= o(Br +ay) = (1), 7=pPr+ay, (69)

where ¢ is arbitrary function of 7 with

2¢

[(6) = (” + 5%) (70)

Table (1) shows some solutions to Eq. (55) for some choices of the function f(u). Using

Table 1: Some solutions for Eq. (55) where A, k,n, A;,i =1---8 are real constants.

u ) f(u) .
(Ba +ay)* + A k(k —1)7" 2 (@ + B%)[k(k = 1)(u — A) J
sin” (Bz + ay) + A1 n(n —1)sin" 27 —n?sin" 7 (@ + B[ —1)(u—A)"F —n?(u—A)]
cos" (B + ay) + A2 n(n—1)cos” 27 —n?cos™ T (0 4+ H)n(n —1)(u Ag) n?(u — As)]
sinh™(Bz + ay) + Az | n(n —1)sinh" 27 + n?sinh™ 7 (02 + B%)[n(n — 1)(u— As) = + n(u— As)]
cosh™(Bz + ay) + Ay | n®cosh™ T —n(n —1)cosh® 27 | (a® + B?) [n?(u — As) — n(n — 1)(u — Ay) gt
sech™ (Bx + ay) + n?sech™ — n(n + 1)sech™ 21 | (a® + B%) |n*(u — As) — n(n + 1)( Ag,)n%z
tanh™ (Bz + ay) + As | n(n —1)tanh” 27 — 2ntanh™ 7 | (o + B2)[n(n—1)(u— Ag) = — 2n(u — As)
+(n+1) tanh"™ 2 +(n+ 1)(u—A6) n ]
e(Betay) | Aq e’ (oz2 + ,82)(u — A7)
In(Bz + ay) + As -7 —(a? 4 e 2u"4s)

14



B=e,AVu,Q=1/ X% and Egs. (5), (7) and (10), we obtain:

B = B.e. + QB, (71)
J=j.e.,— QB.B, (72)

v =ue, £ —”?/2_/)_13, (73)
P=P,—(Q*—1)|Vul? (74)
E = —d'QVu. (75)

For example we apply Eqgs. (71)-(75) to the solution u = sin®(8z + ay) + A; shown in

the second row of Table (1), hence we obtain

B V2ak cos(fz + ay) sin* Y Bz + ay) 2Bk cos(Bx + ay) sin® Bz + ay)

B= ; ,B. ¢,
{’/2—3(141 + sin®(Bz + ay)) {’/2—3(141 + sin®(Bz + ay))

(76)

J— et V2ak cos(Bz + ay) sin* ! (Br + ay) B V28K cos(Bx + ay) sin* (B + ay) B

o €/2—3(A1+sink(ﬁx+ay)) ’ €/2—3(A1+sink(ﬁx+ay)) e
(77)
\/ 22/3 i 1
(273(A1+sink(5w+ay)))2/3
v = kcos(f -+ ay) sin* Bz +ay) | + {~,6,0}, (78)
\/_p
2/ 2 | ;32 2 . 2(k—1) 2%/
P = Pi+k? (® + B?) cos®(Bz+ay) sin (Br+ay) (1 - 23 (A o (ot ay 2/3>

E -

)
79)
B V/2Bk cos(Br + ay) sin" " (Br + ay) \/_ak cos(Bx + ay) sin" ' (Bx + ay) }

{’/2 — 3 (A; + sin®(Bz + ay)) 7 \/2 3 (A + sin®(Bz + ay)) |
(80)

Egs. (76)-(80) show exact solutions to the full MHD system (1)-(6).
Figures (1) and (2) with values of parameters listed in their captions show soliton-like
configurations for the magnetic flux function described by the solution u = sin®(fz +

ay) + A; shown at the second row of Table (1).
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7 Summary

In this paper, we have investigated the symmetric equilibrium of ideal MHD incom-
pressible flows in a Cartesian geometry. The MHD equilibrium is governed by an elliptic
second-order NPDE for the poloidal magnetic flux function. Lie point symmetries and
conservation laws for an incompressible MHD flow governed by a two-dimensional GGSE
are formulated. Several exact solutions to the latter equation are obtained. The self-
adjointness of the GGSE is discussed where we noted that it can be self-adjoint or
quasi-self-adjoint or nonlinear self-adjoint according to the form of the function f(u)
appears in (see Eq. (21)). First and second order Lagrangians for the GGSE are proved.
A construction for obtaining the solutions of the whole MHD system of incompressible
flows is explained via the obtained solutions of the GGSE.

The obtained solutions cover previously configurations and include new considera-
tions on the nonlinearity of magnetic flux stream variables. In [29] the velocity was
taken to be parallel to the magnetic flux function and the Alfvénic mach number was
taken to be a function of a dimensionless horizontal distance M? = M?(x), beside the
velocity and the magnetic fields have an exponential dependence on Z. A solution was
presented in [32] in terms of tanh ¢, tané and cot £ where & = x + ay + St can be ob-
tained as a special case comparing with our results. In [33] the gas pressure was taken
to be an isotropic while in the present paper we did not provide this assumption on
the pressure. In [34] the travelling wave method was used to get solutions of incom-
pressible ideal Hall MHD, also the velocity and magnetic field were taken parallel to
the wave vector. Numerical solutions were presented in [35, 36]. The present paper is
devoted to the investigation of generalized forms of the GGSE that describes symmetric
plasma equilibria in the presence of poloidal and axial incompressible flows via Lie-point

symmetries and conservation laws.
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Figure Captions

FIG. 1. Three-dimensional plots of the magnetic surfaces describe plasma in symmetric
systems. The magnetic surfaces are plotted for the solution shown at the second row of

Table (1). The values of parameters used are: Ay =5n=5a=38,5=09.

FIG. 2. Three-dimensional magnetic surfaces for the solution shown at the second row

of Table (1). The same values of parameters in Fig. (1) are used with n = 6.
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